Let (G, D) be a permutation representation of a finite group G acting on a finite set D. The cycle index of this representation is a polynomial P (G, D; Xl ,
INTRODUCTION
All polynomials have rational numbers as coefficients and may contain several variables. A polynomial is called numerical if it takes on integral values whenever integers are substituted for the variables. (Integer always means rational integer.) The Hilbert characteristic function and related numerical polynomials show that this type of polynomial is important for algebraic geometry and local algebra. We show in the present paper that group theory also harbors numerical polynomials galore.
G stands for a finite group. A permutation representation (G, D) of G consists of a finite, non-empty set D on which G acts on the left. This means as usual: If p, a~G and deD, (1) t~dcD; (2) (pa)d = p(ad); (3) ld --d where 1 is the unit element of G. We do not assume that (G, D) is faithful, i.e., there may be elements in G, other than 1, which leave all points of D fixed. In section 1, we associate a numerical polynomial q(G, D; xl ..... x,,) with (G, D), where m = [D I-(The absolute value sign around a set denotes the number of elements in that set.) Not all variables x~ ..... xm occur necessarily in q (G, D; xl ..... x,.) , and this polynomial is closely related to, but not equal to, the cycle index of combinatorial mathematics. Cycle indexes are in general not numerical. The proof that q(G, D; xl ,..., X,n) is numerical is based on de Bruijn's beautiful papers [1, 2] . Consequently, we consider the present paper as an application of combinatorial mathematics to group theory.
The remainder of the paper consists of an investigation of the polynomial q(G; x~ ..... x,,) of the regular representation (G, G), where G acts on itself by left multiplication. We write q(G; xl ..... xm) instead of q(G,G; xl ..... x~) when dealing with the regular representation. We show that the theorem that q(G; Xx ,..., x,~) is numerical is equivalent to the following theorem of Frobenius (referred to as "The Frobenius Theorem"; see [3, Section 9.1 ]: If i is a positive divisor of J G I, the number of solutions of x ~ = 1 in G is a multiple of i. Consequently, we consider the fact that a numerical polynomial can be associated to every permutation representation as an extension of the Frobenius Theorem to all permutation representations. These polynomials will be further investigated in future papers (see [4] ). The restriction, made in [1] , that all permutation representations are "permutation groups," i.e., are faithful, is obviously irrelevant and we will ignore it throughout. The cycle index is, in general, not numerical. We may hence make the induction hypothesis that k~ + k~ + "'" + k~,~ ~ 0(p ~) for all divisors t @ s of s. The set of divisors of p"s can be partitioned into subsets {t, pt ..... p"t}, one set for each divisor t =7(= s of s, and the set {s, ps,...,pns}. The Frobenius Theorem for the equation x~""= 1 gives that ks + k~s -t-"" -k k~.o -t-~ (k, § k~, -k "" + k~.,) ~-O(pn), where the sum is over all divisors t :/: s of s. We conclude from the induction hypothesis that k~ + k~s -k "'" -k k~,~ ~ O(p").
NUMERICAL POLYNOMIALS
The material of this section is necessary for the last part of the proof of Proposition 4.1, beginning with "Conversely, suppose the congruences of Proposition 2.1 are satisfied." 
(zo + zO a ~"-~ + z2a ~"-' + "'" + z,,a =--O(p").
The conditions of Lemma 3.1 imply that zh ~ 0(p ~-~) for h = 2,..., n, and hence the integers z o + zl, z2 .... , z, are all divisible by p. Consequently we have to show that
(Zo + zO a ~"--~ + i z2a~,_~ + 1

.. + z.a -O(p"-O.
Since this is trivial for n = 1, we assume that n >/ 2 and proceed by induction on n. The integers l(zo + z0, 1 1 P --Zg ,...~pZ n satisfy the conditions of Lemma 3.1 for n --1, and hence the induction hypothesis shows that the last congruence is satisfied.
Let W be a commutative ring with unit element. If ~, fl ~ T and z is an integer, c~ -------fl(z) means of course that ~ --fl = zy for some y E ~. is numerical. If we replace x by (F~,,) ~, we obtain the required result. Propositions 2.1 and 4.1, together, give the result announced in the Introduction;
